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SUMMARY 

The f l u t t e r  cha rac t e r i s t i c s  of f i n i t e  panels a r e  inves t iga ted  both theo re t i -  
c a l l y  and experimentally. The t h e o r e t i c a l  ana lys i s  i s  based on the  t r a n s t a b i l i t y  
concept which pos tu la tes  t h a t  t h e  lo s s  of s t ab le  s t a t i c  equilibrium of a buckled 
panel  r e s u l t s  i n  dynamic i n s t a b i l i t y  or f l u t t e r .  The d i f f e r e n t i a l  equation, based 
on small-deflection theory and two-dimensional s t a t i c  aerodynamics, governing t h e  
buckling cha rac t e r i s t i c s  of panels subjected t o  supersonic a i r f low i s  solved by 
t h e  Galerkin method. Numerical r e s u l t s  f o r  t r a n s t a b i l i t y  f l u t t e r  a r e  obtained 
from four-term solut ions f o r  both simply supported and clamped panels with various 
length-width r a t i o s  and various r a t i o s  of l a t e r a l  t o  longi tudina l  midplane com- 
press ive  stress. The r e s u l t s  i nd ica t e  t h a t  f o r  given boundary conditions the re  
are many combinations of  length-width r a t i o  and stress r a t i o  f o r  which the  th ick-  
ness required t o  prevent f l u t t e r  of a panel on the  verge of buckling becomes very 
la rge .  

' 

I n  addi t ion,  experimental r e s u l t s  a r e  presented f o r  e s s e n t i a l l y  clamped pan- 
e l s  with a length-width r a t i o  of 4. 
3.0, a t  dynamic pressures  ranging from 1,600 t o  5,000 lb / sq  f t ,  and a t  s tagnat ion 
temperatures from 3000 t o  6500 F. 
f l u t t e r  po in ts  consis ted of a f l a t -pane l  port ion,  a buckled-panel port ion,  and a 
t r a n s i t i o n  poin t ,  a t  t he  in t e r sec t ion  of t h e  two boundaries (onset  of buckling),  
where a panel  i s  most suscept ible  t o  f l u t t e r .  

The panels were tested a t  a Mach number of 

A boundary faired through t h e  experimental 

The experimental r e s u l t s  f o r  f l u t t e r  a t  t h e  onset of buckling were within 
t h e  f l u t t e r  region indicated by t h e  small-deflection t r a n s t a b i l i t y  ca lcu la t ions .  
Both theory and experiment i nd ica t e  t h a t  ex i s t ing  experimental f l u t t e r  envelopes 
can be inadequate as f l u t t e r  c r i t e r i a  f o r  stressed panels.  

~~~~ ~ 

%est of the  information presented herein w a s  submitted t o  t h e  University 
of Virginia  i n  p a r t i a l  fu l f i l lmen t  of t h e  requirements f o r  a Master of Applied 
Mechanics degree under t h e  t i t l e  "Invest igat ion of F l u t t e r  Charac te r i s t ics  of 
Rectangular Panels on t h e  Verge of Buckling, " Apri l  1963. 



INTRODUCTION 

The s u s c e p t i b i l i t y  t o  f l u t t e r  of t he  outer  skins  of components of severa l  
current  a i r c r a f t  ( s ee  r e f .  1) has r e su l t ed  i n  the  emergence of panel f l u t t e r  as a 
s ign i f i can t  f a c t o r  i n  the  design of supersonic and hypersonic vehicles .  Although 
the  phenomenon of panel f l u t t e r  has been the  subject  of numerous inves t iga t ions  
( see  the  comprehensive summary paper by Fung, r e f .  2 ) ,  generally poor agreement 
between theory and experiment e x i s t s  f o r  other  than the  simplest  configuration of 
low length-width r a t i o .  Thus, t o  a la rge  extent ,  ex i s t ing  pane l - f lu t t e r  c r i t e r i a  
a re  based on t h e  most conservative experimental data ava i lab le ,  such as t h e  f l u t -  
t e r  envelopes presented i n  references 3 and 4. For panels t h a t  have l a rge  length- 
width r a t i o s  and are subjected t o  in-plane loading, l a rge  differences between 
theory and experiment have been shown i n  both t h e  f l u t t e r  boundaries and f l u t t e r  
modes. (See, f o r  example, r e f .  5 .  ) For such panels,  t he  buckling cha rac t e r i s t i c s  
appear t o  have considerable influence on the  f l u t t e r  boundaries and, i n  f a c t ,  
experimental r e s u l t s  i nd ica t e  t h a t  t he  most c r i t i c a l  f l u t t e r  condition occurs i n  
the  v i c i n i t y  of t h e  panel buckling load. (See, f o r  example, r e f s .  6, 7, and 8.)  

In  t h e  present inves t iga t ion  the  f l u t t e r  cha rac t e r i s t i c s  of f i n i t e  rectangu- 
l a r  panels subjected t o  compressive loads near the c r i t i c a l  buckling load are 
examined theo re t i ca l ly  by means of t he  t r a n s t a b i l i t y  concept introduced by Isaacs  
( r e f .  9 ) .  The term t r a n s t a b i l i t y  r e f e r s  t o  t h e  loss  of  s t ab le  s t a t i c  equilibrium 
of a buckled panel when t h e  speed of flow exceeds a ce r t a in  c r i t i c a l  value ( t r a n -  
s t a b i l i t y  value) .  
b i l i t y  ana lys i s  (based on small-deflection theory) and t h e  large-def lect ion 
dynamic ana lys i s  of F ra l i ch  ( r e f .  10) a r e  reviewed and a r e  compared qua l i t a t ive ly  
with experimental t rends.  Modal solut ions of t h e  governing d i f f e r e n t i a l  equation 
(based on two-dimensional s t a t i c  aerodynamics) f o r  t h i n  i so t rop ic  p l a t e s  ( r e f .  11) 
a r e  obtained by t h e  Galerkin method. Numerical r e s u l t s  f o r  both simply supported 
and clamped-edge panels with length-width r a t i o s  up t o  4 a r e  presented f o r  various 
r a t i o s  of l a t e r a l  t o  longi tudina l  midplane compressive stress. 

The r e l a t i o n s  between r e s u l t s  obtained from t h e  s t a t i c  t r ans t a -  

I n  addi t ion,  experimental r e s u l t s  obtained from t e s t s  of e s s e n t i a l l y  clamped 
panels with a length-width r a t i o  of 4 a r e  presented. 
long and 6.25 inches wide, were t e s t e d  i n  t h e  Langley 9- by 6-foot thermal s t ruc-  
tures tunnel  a t  a Mach number of 3.0 a t  various dynamic pressures and s tagnat ion 
temperatures. 
summarized i n  terms of nondimensional parameters i n  t h e  form of a f l u t t e r  bound- 
ary.  
subjected t o  compressive loads near t he  c r i t i c a l  buckling load. 

Single-bay panels,  25 inches 

The experimental data a r e  presented i n  tabular form and a r e  a l so  

Theoret ical  and experimental r e s u l t s  a r e  compared f o r  t he  f l u t t e r  of panels 

SYMBOLS 



a panel length (longitudinal.  d i rec t ion ,  p a r a l l e l  t o  a i r f low) 

~ an modal amplitude coef f ic ien t  

2 4 l -  Bc = 1.25Ey(E) - 5.14(;) 

I 
b panel width ( l a t e r a l  d i rec t ion ,  perpendicular t o  a i r f low) 

Eh3 D panel s t i f f n e s s ,  
12(1 - .') 

E Young's modulus 

f f l u t t e r  frequency 

h thickness  of panel skin 

M Mach number 

m,n in tegers  

free-stream static pressure p, 

pb s t a t i c  pressure i n  cavi ty  behind panel 

AP d i f f e r e n t i a l  pressure ac t ing  on panel skin,  - p, 

9 free-stream dynamic pressure 

- Nxa2 R, = - 
lT*D 

- Nya2 
Ry = - 

lT2D 

T temperature 
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T t  stagnation temperature 

AT increase of panel skin temperature (averaged along center l i n e )  

t time 

W v e r t i c a l  def lect ion of panel 

N 

X,Y,Z Cartesian coordinates ( f i g .  2) 

U coef f ic ien t  of thermal expansion of panel skin 

O ( Y )  f irst  normal mode of vibrat ion of uniform clamped-clamped beam 

zqa3 
PD 

h dynamic-pressure parameter, - 

CL 

OX 

Poisson’s r a t i o  (taken equal t o  0 . 5 )  

midplane stress i n  x-direction (pos i t ive  i n  compression) 

midplane stress i n  y-direction (pos i t ive  i n  compression) OY 

n th  normal mode of vibrat ion of uniform clamped-clamped beam 

f 

Subscript : 

T t r a n s t a b i l i t y  
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THEORY 

The f l u t t e r  of buckled panels has been the  subject of numerous invest iga-  
t i ons  ( see  comprehensive summary paper by Fung, r e f .  2 ) .  Isaacs  ( r e f .  9 )  f i r s t  
considered the  f l u t t e r  of buckled panels on the  bas i s  of small-deflection theory 
and introduced the  concept of t r a n s t a b i l i t y  f l u t t e r  of two-dimensional panels.  
This concept i s  based on purely s t a t i c  considerations of t he  buckling character-  
i s t i c s  of a panel when exposed t o  supersonic flow. The term t r a n s t a b i l i t y  r e f e r s  
t o  the  l o s s  of s t ab le  s t a t i c  equilibrium of the  buckled panel when t h e  speed of 
flow exceeds a ce r t a in  c r i t i c a l  value,  t h a t  i s ,  t h e  t r a n s t z b i l i t y  value. The 
r e s u l t s  of large-def lect ion dynamic analyses ( see ,  f o r  example, r e f s .  12 and 13) 
have revealed t h a t  the  t r a n s t a b i l i t y  speed i s  e s sen t i a l ly  t h e  f l u t t e r  speed of 
two-dimensional panels f o r  s m a l l  per turbat ions about t he  s t a t i c ,  buckled, equi l ib-  
rium pos i t ion .  

Hedgepeth ( r e f .  14 )  used the  t r a n s t a b i l i t y  concept, i n  conjunction with 
small-deflection theory and two-dimensional s t a t i c  aerodynamics, i n  a two-mode 
ana lys i s  of rectangular simply supported panels. Hedgepeth argued t h a t  t he  
r e s u l t s  of such an analysis  co r rec t ly  represent t h e  l imi t ing  case of vanishingly 
small buckle depths and t h a t  t h i s  l imi t ing  case es tab l i shes  a lower bound on t h e  
c r i t i c a l  value of t he  dynamic-pressure parameter h f o r  f l u t t e r  of buckled pan- 
els. Leonard and Hedgepeth ( r e f .  11) used the  t r a n s t a b i l i t y  concept i n  a s imi la r  
ana lys i s  of rectangular clamped panels.  
experimental data  f o r  panels with length-width r a t i o s  of about 2 o r  l e s s .  

Their r e s u l t s  were i n  fa i r  agreement with 

Hedgepeth's conjecture t h a t  t he  t r a n s t a b i l i t y  concept (and small-deflection 

Fra l ich  inves- 
theory)  may be appl ied t o  f i n i t e  panels appears t o  be jus t i - f ied  by the  r e s u l t s  of 
a recent  large-def lect ion dynamic ana lys i s  by Fra l ich  ( r e f .  10).  
t i g a t e d  the  f l u t t e r  cha rac t e r i s t i c s  of f i n i t e  simply supported panels i n  both the  
prebuckling and postbuckling conditions and u t i l i z e d  two-dimensional s t a t i c  aero- 
dynamics. 
dynamic-pressure parameter h and the  edge-load parameter Rx. The r e s u l t s  shown 
are f o r  a panel with length-width r a t i o  

N 
t h e  stress r a t i o  2 = 1. 

panel i s  dynamically unstable;  below the  boundary the  panel i s  dynamically s t ab le  
and i s  e i t h e r  f l a t  o r  buckled. 
regions i s  given i n  r e f .  ( 10 ) ) .  R, 
r e s u l t s  i n  a decrease i n  h 
results i n  an increase i n  h i f  t h e  panel i s  buckled. Thus the  minimum value of 
h required f o r  f l u t t e r  occurs a t  t h e  in t e r sec t ion  of the  f la t -pane l  and buckled- 
panel boundaries. The t rends exhibi ted by the  ove ra l l  f l u t t e r  boundary a r e  i n  
qua l i t a t ive  agreement with experimental r e s u l t s  f o r  heated panels.  (See, f o r  
example, refs. 6, 7, and 8.)  The in t e r sec t ion  of t h e  f l a t -pane l  and buckled- 
panel boundaries, where a panel i s  most suscept ible  t o  f l u t t e r ,  has been r e fe r r ed  
t o  by some experimental inves t iga tors  a s  t h e  t r a n s i t i o n  point  ( see ,  f o r  example, 
ref. 8)  and i n  t h i s  inves t iga t ion  i s  considered t o  be the  f l u t t e r  point  f o r  a 
panel on the  verge of buckling. 

Figure 1 shows t y p i c a l  r e s u l t s  obtained by Fra l ich  i n  terms of t he  - 

a/b of  1 subjected t o  loading such t h a t  

The s o l i d  curve i s  t h e  f l u t t e r  boundary above which the  
NX 

- ( A  thorough discussion of t he  various s t a b i l i t y  
A s  can be seen from f igure  1, an increase i n  

i f  t h e  panel i s  f l a t  when dynamically s t ab le  but 
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Figure 1.- Effects  o f  compressive s t r e s s  and buckling on f l u t t e r  of simply supported panel as 

obtained by Fra l ich  ( r e f ,  10) .  E = 1. 3 = 1. ’ Nx 
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The dashed loop shown i n  f igu re  1 gives the  var ia t ion  of the  c r i t i c a l  values - 
of R, f o r  buckling with a i r f l o w .  On t h e  bas i s  of small-deflection theory the  
peak of t he  buckling loop represents t he  value of  A 
s t a t i c ,  buckled equilibrium pos i t ion  ex i s t s .  Thus, t h i s  value of A i s  t h e  t r an -  
s t a b i l i t y  value %. A s  can be seen from f igure  1, i s  near ly  equal t o  but 
s l i g h t l y  l e s s  than t h e  value of A a t  t h e  t r a n s i t i o n  point .  F ra l i ch ' s  r e s u l t s  
f o r  other  spec i f ied  values of a/b and Ny/Nx indicated,  i n  some instances,  
t h a t  t he  ove ra l l  f l u t t e r  t rends could be d i f f e ren t  from those shown i n  f igu re  1 
but t h a t  % w a s  always equal or near ly  equal t o  the  c r i t i c a l  value of A f o r  
f l u t t e r  a t  t he  t r a n s i t i o n  point .  
instances  % was l a rge r  than the  value of A a t  t h e  t r a n s i t i o n  poin t .  

above which no s t ab le ,  

It should be pointed out,  however, t h a t  i n  some 

I n  t h e  present  inves t iga t ion  t h e  f l u t t e r  cha rac t e r i s t i c s  of f i n i t e  panels on 
the  verge of buckling are again considered. The ana lys i s  i s  based on t h e  t r an -  
s t a b i l i t y  concept s ince t h e  e r r o r  introduced by t h i s  s t a t i c  ana lys i s  appears t o  
be s m a l l  and s ince the  procedure required t o  obtain numerical r e s u l t s  from t h e  
more ref ined,  and complex, large-def lect ion dynamic ana lys i s  i s  considerably more 
laborious.  

Analysis 

The configuration t o  be analyzed i s  shown i n  figure 2. It cons is t s  of a 
h rectangular panel of uniform thickness  mounted i n  a r i g i d  wall  with a i r  

z 
A 

t 
h 

Figure 2.- Rectangular panel and coordinate system. 
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flowing over one surface a t  a Mach number M. The p l a t e  has a length a and 
width b and i s  subjected t o  uniform midplane compressive forces  Nx and Ny. 
I f  the  aerodynamic loading i s  represented by t h e  a i r  forces  yielded by l i nea r i zed  
s t a t i c  aerodynamic s t r i p  theory,  the  governing p a r t i a l  d i f f e r e n t i a l  equation i s  
(from r e f .  11) 

2 
a w  2 q k o  

4 
a w  + &) + Nx & + Ny - + - - - 

P ax 
ax' ay2 ay4 ax2 ay' 

Clamped panels.-  The appropriate boundary conditions f o r  a panel with a l l  
edges clamped a r e  

Equation (1) may be reduced t o  an ordinary d i f f e r e n t i a l  equation approximately 
representing the  clamped panel (by the  Kantorovich method, r e f .  15) i f  t h e  def lec-  
t i o n  shape i n  t h e  y-direct ion i s  assumed t o  be given by a s ing le  function s a t i s -  
fying the  prescribed boundary conditions.  L e t  

where B(y) 
length b ( r e f .  16) .  Application of t h e  Kantorovich method cons is t s  of t he  f o l -  
lowing successive s teps :  subs t i t u t e  t h e  expression f o r  w as given by equa- 
t i o n  (3) i n t o  equation (1); multiply through by 
across  the  width ( t h e  appropriate  i n t eg ra l s  of 
venient ly  tabula ted  i n  r e f .  17) .  
equation 

i s  t h e  f i rs t  mode of v ibra t ion  of a uniform clamped-clamped beam of  

B(y); and, f i n a l l y ,  i n t eg ra t e  

After  nondimensionalizing, t he  r e s u l t  i s  t h e  
8 (y )  and i t s  der iva t ives  a r e  con. 
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1 where 

X 5 = -  
a 

2 - 
N,a2 2 .49(Er  = - Rx - e.@(:) k=-- 
lt2D 

(5)  

Subs t i tu t ion  of t h e  well-known exact solut ion of equation ( 4 )  i n t o  the  appropriate 
boundary conditions r e s u l t s  i n  the  s t a b i l i t y  equation ( see  r e f .  18) 

46q(cosh 2~ - cosh 6 cos 7 )  + 2($ - 72 - 4 ~ ~ ) s i n h  6 s i n  7 = 0 (6) 

where 

and thus 

1 - 
Bc = - 

ll 4 

- 
Solutions i n  terms of t he  parameters Ac, A, and & are r ead i ly  obtained - 

when h and e i t h e r  Kc or Bc a re  spec i f ied  and t h e  remaining parameter i s  
t r e a t e d  as the  eigenvalue. 
panels on the  verge of buckling, it i s  des i rab le  t o  specify the  panel length-width 

However, t o  study the  f l u t t e r  cha rac t e r i s t i c s  of 
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- 
r a t i o  a/b and s t r e s s  r a t i o  Ny/Nx. Once these r a t i o s  a re  specif ied,  Ac and 

B~ a re  functions only of Ex since Ry = % Ex) and thus R, may then be 

t r e a t e d  a s  the  eigenvalue. 
r e s u l t s  from equation ( 6 ) .  
Galerkin method. However, numerical r e s u l t s  were obtained from equation ( 6 )  t o  
determine the  va r i a t ion  of & with & f o r  no airf low ( A  = 0) f o r  comparison 
with the  approximate r e s u l t s  obtained from the  Galerkin solut ion.  

- - ( NX 

- 

For t h i s  case considerable labor i s  required t o  obtair 
Thus it i s  desirable  t o  solve equation ( 4 )  by t h e  

Equation ( 4 )  may be solved approximately by the  Galerkin method a s  follows. 
L e t  

where t h e  expansion function $,(E) 
clamped-clamped beam of u n i t  length.  Subs t i tu t ing  i n t o  equation (4), multiplying 
by &((), and in t eg ra t ing  y i e lds  a s e t  of N simultaneous equations for  the  
coef f ic ien ts  an. For a non t r iv i a l  solut ion,  t he  determinant of t he  coef f ic ien ts  
of an must equal zero. For N = 4 t h e  r e s u l t  i s  

i s  the  n th  mode of v ibra t ion  of a uniform 

( 500.56 
- 121.42& -3.34h 
- 97.411iT,) 

96. 17& -0.91A 

( 3,803. 14 

- 9 7 . 4 s )  
3 34A - 454.50& -5.521, 169.21& 

= o  (10) 
(14,619.72 

96. 17& 5.52A - 976.08& - 7 . 6 3 ~  
- 9 7 . 4 m  

0.91A 169.21.Z~ 
( 39,941.93 

- 1,693.43Kc 
- 97.4BC) 

The e f f e c t s  of t h e  a i r  forces  A on t h e  buckling load Ex can be obtained from 
equation (10) f o r  spec i f ied  values of t he  length-width r a t i o  a/b and s t r e s s  
r a t i o  N Nx. These r e s u l t s  can then be examined t o  determine t h e  l a r g e s t  value 
of h f o r  which a s t ab le ,  s t a t i c ,  buckled equilibrium pos i t ion  e x i s t s .  This 
value of A i s  t h e  t r a n s t a b i l i t y  value %; i n  t h i s  inves t iga t ion  % i s  con- 
s idered t o  be t h e  c r i t i c a l  value required f o r  f l u t t e r  of a panel on t h e  verge of 
buckling. 

Y l  

10 



Simply supported panels.-  The general  expression f o r  t he  simultaneous equa- 
t i ons  r e su l t i ng  from a Galerkin solut ion of equation (1) f o r  a l l  edges simply 
supported i s  presented i n  reference 14. 
minant obtained f o r  

For the  sake of completeness, t he  deter-  

i s  presented herein: 

where 

- - 
1 - A s  - Bs 

h 2.67 - 
.4 

0 

A 1.07 - 
IT4 

h -2.67 - 
Yr4 

- 
16 - 4Ks - Bs 

h 4.80 - 
Yr4 

0 

0 

h -4.80 - 
IT4 

- 
8 1  - 9xs - Bs 

h 6.83 - 
Yr4 

h -1.07 - 
.4 

0 

h -6.85 - 
.4 

= 0 (11) 

Results and Discussion 

Trans t ab i l i t y  f l u t t e r  speeds can be determined from equation (10) f o r  panels 
with a l l  edges clamped and from equation (11) f o r  a l l  edges simply supported. 
f l u t t e r  cha rac t e r i s t i c s  of panels on the  verge of buckling depend, t o  a la rge  
extent ,  on t h e  panel length-width r a t i o  a/b, t h e  stress r a t i o  Ny/Nx, and the  

panel boundary conditions.  
parameters, it would be advantageous t o  consider t h e  panel buckling charac te r i s -  
t i c s  i n  t h e  absence of a i r f low ( A  = 0) .  

The 

However, before considering t h e  e f f e c t s  of these 

11 



Panel buckling cha rac t e r i s t i c s  f o r  no airf low.-  The exact buckling character-  
i s t i c s  of simply supported panels ( f o r  the  modes considered) with no a i r f low may 

be obtained from equation (11) since the  exact modes s i n  a s i n  y), which 

s a t i s f y  both the  boundary conditions and the  governing p a r t i a l  d i f f e r e n t i a l  equa- 
t i o n  (eq.  (l)), were used a s  the  expansion functions i n  t h e  analysis .  
t i o n  of equation (11) reveals  t h a t  with no a i r f low there  i s  no cross coupling of 
t he  expansion functions.  
i s  independently zero; t h i s  r e s u l t s  i n  a l i n e a r  var ia t ion  of gs with As. The 
exact solut ion of equation (1) f o r  clamped panels i s  not known. 
obtain an approximate solut ion the  p a r t i a l  d i f f e r e n t i a l  equation (eq. (1) ) was 
reduced t o  an ordinary d i f f e r e n t i a l  equation (eq. ( 4 )  ) approximately representing 
a clamped panel by the  Kantorovich method. Equation ( 4 )  was then solved by t h e  
Galerkin method t o  obtain the  s t a b i l i t y  determinant (eq.  ( 1 0 ) ) .  To inves t iga te  
the  convergence of r e s u l t s  obtained from equation (lo), numerical r e s u l t s  were 
obtained from equation (6 )  ( t h e  exact solut ion of eq. ( 4 ) )  f o r  no airf low.  The 
numerical r e s u l t s  obtained from equations (10) and (6 )  a re  presented i n  f igu re  3 
i n  terms of & and &. The dot-dashed l i n e s  represent r e s u l t s  obtained from 
two-term so lu t ions  f o r  t w o  consecutive expansion functions ( the  per t inent  deter-  
minants are contained i n  eq. (lo)), t h e  dashed curves represent four-term r e s u l t s ,  
and t h e  s o l i d  curves a r e  the  r e s u l t s  obtained from equation ( 6 ) .  

( b  

Examina- 

Thus the  determinant i s  s a t i s f i e d  i f  each diagonal term 

I n  order t o  

A s  can be seen i n  figure 3, the  two-term solut ions give a l i n e a r  var ia t ion  
of Bc with &. Examination of equation (10) reveals  t h a t  f o r  a two-term solu- 
t i o n  Kc and & do not appear i n  the  off-diagonal terms and thus there  i s  no 
cross  coupling of t h e  expansion functions; - therefore ,  s e t t i n g  t h e  diagonal terms 
equal t o  zero gives t h e  va r i a t ion  of Bc with &. The buckling modes (which i n  

I t h i s  case a r e  t h e  expansion funct ions)  associated with the  r e su l t i ng  s t r a i g h t  
I l i n e s  a r e  r ead i ly  i d e n t i f i e d  and a r e  ind ica ted  by t h e  sketches i n  f igu re  3. In  

I do not give a l i n e a r  va r i a t ion  of Be with & f o r  clamped panels.  Equa- 

, cont ras t  t o  t he  two-term r e s u l t s ,  however, equation ( 6 )  and t h e  four-term solut ior  

t i o n  (10) shows t h a t  when four  terms a r e  used, coupling occurs between the  f irst  
and t h i r d  expansion functions and the  second and fourth expansion functions and 
thus the  var ia t ion  of with becomes nonlinear.  The i d e n t i f i c a t i o n  of 
t he  modes obtained from the  exact and four-term solut ions f o r  a given value of 
zc For example, t he  
curve obtained from t h e  exact solut ion which gives a value of Be = 50 f o r  
& = 10 ( f i g .  3) i s  assumed t o  be associated with a mode shape having th ree  h a l f -  
waves i n  the  x-direct ion;  a t  A, = 30 t h i s  same curve i s  assumed t o  be associate(  
with a shape having only one half-wave i n  the  x-direct ion.  

- 
, 

w a s  based on t h e  t rends obtained from t h e  two-term r e s u l t s .  - 

- 

Figure 3 gives t h e  buckling cha rac t e r i s t i c s  of clamped panels f o r  no a i r f low 
i n  terms of t h e  nondimensional parameters Be and &. If the  panel length-widtl 
r a t i o  a/b and s t r e s s  r a t i o  N Nx a r e  specif ied,  the  value of EX f o r  bucklinl 
can be determined from f igure  3 .  

required f o r  buckling (with no a i r f low)  a s  a function of a/b f o r  2 = 1. These 

- 

.i - 
For example, f igure  4 shows the  value of Rx 

N 
NX 

I 
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Figure 3.- Variat ion of B, with A, for no airf low.  A l l  edges clamped. 

r e s u l t s  were obtained from the  four-term r e s u l t s  shown i n  f igu re  3 .  
mode l i s  not necessar i ly  the  c r i t i c a l  buckling mode. 

Note t h a t  

Referring again t o  figure 3 ,  it i s  seen t h a t  t he  four-term r e s u l t s  are i n  
good numerical agreement with the  r e s u l t s  obtained from equation ( 6 )  for s m a l l  
values of & 
x-direct ion.  For l a r g e r  values of Kc ( &  > 20) ,  where the  buckling mode has 

two or more half-waves i n  t h e  x-direct ion,  t h e  agreement i s  only fair;  addi t iona l  
terms must be used t o  obtain good agreement i n  t h i s  region. However, t he  r e s u l t s  
suggest t h a t  the  four-term ana lys is  should be adequate f o r  pred ic t ing  t rends even 
though t h e  numerical results a r e  only approximate. 
t he  two-term r e s u l t s  a r e  i n  f a i r  t o  good agreement with the  r e s u l t s  obtained from 
equation ( 6 )  except i n  t h e  v i c i n i t y  of the  values of 

( &  < 10) where the  buckling mode has one half-wave i n  t h e  

It i s  i n t e r e s t i n g  t o  note t h a t  

& f o r  which t h e  two-term 
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Figure 4.- Variat ion of buckling load and mode with panel  length-width r a t i o  f o r  no airf low.  

AU edges clamped; fIy: = 1.0. 
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solut ions ind ica te  t h a t  t he  values of & associated with modes 1 and 3 
(Kc = 17, f i g .  3) and modes 2 and 4 Ec = 27) a re  equal. 

Effects  of panel length-width r a t i o . -  Some e f f e c t s  of length-width r a t i o  on 
the  f l u t t e r  of clamped panels on the  verge of buckling are indicated i n  f igure  5 ,  

1 I2 I 

which shows t h e  va r i a t ion  of t he  f l u t t e r  parameter ( y r J  (which i s  propor- 

t i o n a l  t o  2, with a/b f o r  Ny = 1.0. The p a i r  of numbers on the  boundary 
Al /3  

I . 5  

I . o  

'3h - 
a 

. 5  

0 

F l u t t e r  

I I I I 
I 2 3 4 

Figure 5.- Flutter characteristics of clamped panels on the verge of buckling f o r  3 = 1.0. 

The numbers on the boundaries indicate the modes that coalesced f o r  flutter. 
Nx 



indicate  the buckling modes t h a t  coalesced ( a t  the  peak of the buckling loop)  f o r  
f l u t t e r .  The f i r s t  number ind ica tes  the number of half-waves i n  the x-direction 
of the  mode associated with t h e  lowest, or c r i t i c a l ,  buckling load f o r  no airflow; 
the second number appl ies  t o  t h e  mode associated with the next lowest buckling 
load. A s  can be seen from f igure  5 ,  the  thickness required t o  prevent f l u t t e r  

~ 

i 

f o r  5 = 1 becomes very large f o r  cer ta in  c r i t i c a l  values of a/b (approxi- 
NX 

mately 2.5 and 3.9).  

The reason f o r  the existence of such a f l u t t e r  boundary can be more readi ly  
explained i n  conjunction with the panel buckling charac te r i s t ics  f o r  no airf low 
shown i n  f igure  4. 2 = 1.0 

b 
the two lowest buckling loads f o r  no airf low a r e  associated with modes 1 and 2 
and t h a t  these a r e  the  modes t h a t  coalesced f o r  f l u t t e r .  I n  a l l  instances the  
modes associated with the two lowest buckling loads f o r  no airflow were the modes 
t h a t  coalesced f o r  f l u t t e r .  A s  a/b i s  increased, the difference between t h e  
lowest two buckling loads decreases ( f i g .  4)  and the  thickness required t o  pre- 
vent f l u t t e r  increases ( f i g .  5 )  u n t i l  a value of of approximately 2.5 i s  
reached. A t  t h i s  value of a/b the  two lowest buckling loads for no airf low a r e  
equal, the  s t i f f n e s s  associated with these modes i s  theore t ica l ly  zero, and the  
thickness required t o  prevent f l u t t e r  becomes very large.  That i s ,  the s t a t i c  
buckling loop (such as shown i n  f i g .  1) degenerates t o  a point  on the  Rx ax is  
indicat ing no airf low required f o r  f l u t t e r  or an i n f i n i t e  thickness required t o  
prevent f l u t t e r .  
expected t o  become very la rge ,  nonlinear e f f e c t s  and i n i t i a l  imperfections would 
preclude an a c t u a l  condition of i n f i n i t e  thickness . )  

buckling load i s  associated with a symmetric mode 

associated with an antisymmetric mode. A s  a/b increases beyond 2.5 t h e  lowest, 
o r  c r i t i c a l ,  buckling load i s  associated with mode 2; the  difference between the 
two lowest buckling loads increases;  and the thickness required t o  prevent f l u t -  
t e r  decreases. This same trend i s  indicated i n  f igure  3. A s  Kc [or a/b f o r  

Referring t o  f igures  4 and 5 ,  it i s  seen t h a t  f o r  

a/b 

- 

(Although the thickness required t o  prevent f l u t t e r  could be 

For t h i s  condition one 

about x = a- , the  other i s  ( 2 ) 

\ 
increases beyond zero, the  difference between the  lowest two values of B( 

NX - - 
decreases u n t i l  a t  an A, value of approximately 10 the  two lowest values of Be 
a r e  equal; t h i s  corresponds t o  a/b of 2.5 i n  f igure  5 .  A s  & increases  beyonc 
10, the  difference between the two lowest values of increases and then 
decreases u n t i l  a t  an Kc value of approximately 21 t h e  two lowest values of Be 
a r e  again equal; t h i s  corresponds t o  t h e  c r i t i c a l  point  a t  
ure 5 .  

- 
a/b of 3.9 i n  f i g -  

Effects of s t r e s s  r a t i o . -  Some e f f e c t s  of s t r e s s  r a t i o  on the f l u t t e r  of 
clamped panels on the  verge of buckling a r e  indicated i n  f igure  6, which shows 

with Ny/Nx f o r  5 = 4.0. The f l u t t e r  t rends 
a b 

the  var ia t ion  of 

obtained by varying N Nx while a/b i s  held constant a r e  similar t o  t h e  trends 
YJ 
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obtained by varying a/b while Ny/N, i s  held constant.  

f i gu re  6 ind ica te  t h a t  i n f i n i t e  thickness i s  required t o  prevent f l u t t e r  when 
Ny/Nx 
of Kc of approximately 33 and 21, respect ively ( f i g .  3 ) .  

The r e s u l t s  shown i n  

i s  approximately 0.82 and 1.02; these c r i t i c a l  po in ts  correspond t o  values 

These r e s u l t s  and the  r e s u l t s  of t he  previous sect ion subs tan t ia te  t h e  s t a t e -  
ment of Leonard and Hedgepeth ( r e f .  11) t h a t  t he  t h e o r e t i c a l  f l u t t e r  behavior of 
panels on the  verge of buckling i s  qui te  sens i t ive  t o  t h e  panel buckling charac- 
t e r i s t i c s .  If numerical r e s u l t s  were obtained for a grea te r  range of a/b and 

I . 5  

I . o  

0 

4 , 3  3 , 4  3 , 2  2 , 3  

F I u t t e r  

I I I J 
. 6  . a  I . o  I . 2  

N -Y 
N X  

Figure 6.- Flutter characteristics of clamped panels on the verge of buckling for a = 4.0. b 
The numbers on the boundaries indicate the modes that coalesced for flutter. 



Ny/Nx 
a/b and Ny/Nx 
i n f i n i t y .  
thickness t o  prevent f l u t t e r ,  it i s  apparent t h a t  these c r i t i c a l  combinations of 
a/b and Ny/Nx should be avoided i n  design. 

( o r  IC), it would be found t h a t  there  a r e  many c r i t i c a l  combinations of 
f o r  which t h e  thickness required t o  prevent f l u t t e r  approaches 

Although nonlinear e f f e c t s  would preclude a condition of i n f i n i t e  

The c r i t i c a l  combinations of a/b and Ny/Nx can be predicted f o r  simply 
supported and clamped edges from ex i s t ing  buckling char t s  ( f o r  no a i r f low) ,  such 
a s  those presented i n  reference 19, by determining the  values of a/b and Ny/Nx 
f o r  which t h e  panel has an equal choice of buckling i n  two modes, one symmetric 
and the  other  antisymmetric. However, it should be pointed out t h a t  t h e  theore t -  
i c a l  buckling cha rac t e r i s t i c s  are s t rongly dependent on t h e  assumed modes used i n  
the  analysis .  
clamped panel with 2 = 4 w i l l  buckle i n  the  second mode and thus do not indicate 

b 
the  c r i t i c a l  Ny/Nx values of approximately 1.02 (see  f i g .  6 )  and 1.3 (not  shown 

i n  f i g .  6 )  found i n  t h i s  inves t iga t ion .  

For example, t he  r e s u l t s  of reference 19 do not ind ica te  t h a t  a 

The t h e o r e t i c a l  r e s u l t s  suggest t h a t  the f l u t t e r  mode of a panel on the  vergt 
of buckling would cons is t  pr imari ly  of a coupling of t he  modes associated with the 
two lowest buckling loads.  
example, ref. 6) t h a t  t he  f l u t t e r  modes f o r  thermally s t r e s sed  panels ( e i t h e r  
buckled o r  unbuckled) appear t o  have the  same number of half-waves as the  bucklinl 
mode. Thus it would appear t h a t  a reasonable estimate of t he  number of half-wave: 
i n  t h e  f l u t t e r  mode of a s t r e s sed  panel could be obtained by determining i t s  buck. 
l i n g  mode. I n  t h i s  event, va r i a t ions  i n  the  s t r e s s  r a t i o  N N , which can cause 
changes i n  the  buckling mode of a panel,  might be expected t o  change t h e  f l u t t e r  
mode. 
cha rac t e r i s t i c s ,  it would appear t h a t  t he  s t r e s s  r a t i o  
parameter f o r  t h e  f l u t t e r  of s t r e s sed  panels.  

Moreover, it has been shown experimentally ( see ,  f o r  

y/ 

Since a change i n  f l u t t e r  mode could be expected t o  a f f e c t  other  f l u t t e r  

Ny/Nx i s  an important 

Ef fec ts  of boundary conditions.-  Some e f f e c t s  of boundary conditions on t h e  
Numerical f l u t t e r  of panels on t h e  verge of buckling a r e  indicated i n  figure 7. 

results f o r  t h e  va r i a t ion  of 

both simply supported and clamped panels.  The r e s u l t s  f o r  simply supported panel; 

ind ica te  a smooth va r i a t ion  of (Fr’3 k with a/b; f o r  t h e  assumed stress con- 
a 

w i t h  a/b when 3 = 1 a r e  given f o r  19”’ a NX 

d i t i on  - = 1 a simply supported panel always buckles i n  t h e  f i rs t  mode. For (2 ) 
other v i lues  o‘f Ny/Nx, however, c r i t i c a l  values of a/b (a t  which t h e  thickness 
required t o  prevent f l u t t e r  becomes very l a rge )  could occur f o r  simply supported 

panels (see r e f .  5 ) .  For c e r t a i n  values of a/b f o r  example, = 1 t h e  simpk 

supported panels require  grea te r  thicknesses t o  prevent f lu t te r  than t h e  clamped 
( b 1 
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panels. This result agrees with t h e o r e t i c a l  t rends obtained f o r  panels with no 
midplane stress (see, f o r  example, refs. 18 and 20). 
t rends f o r  unstressed panels, f o r  values of 
thicknesses required f o r  simply supported panels a r e  considerably smaller than 
those required f o r  clamped panel. Thus, i f  buckling can occur, t h e  assumption 
t h a t  a panel i s  simply supported i s  not necessar i ly  a conservative assumption f o r  
f l u t t e r  analyses.  
where between simply supported and clamped. 
ness required t o  prevent f lut ter  of such a panel could possibly be l a r g e r  than 
the  thicknesses obtained from analyses of e i t h e r  simply supported o r  clamped 
panels, depending on t h e  buckling cha rac t e r i s t i c s  of t h e  panel under 
consideration. 

However, i n  cont ras t  t o  
grea te r  than about 1 .4 ,  t h e  a/b 

For p r a c t i c a l  panels t h e  edge r e s t r a i n t  will generally be some- 
The t h e o r e t i c a l  value of t h e  thick-  

1.5 

I . o  

. 5  

0 

L A l l  e d g e s  s i m p l y  s u p p o r t e d  

2 3 4 

Figure 7.- Effects of boundary conditions on flutter characteristics of panels on the verge of 
N 

buckling. 2 = 1.0. 
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Comparison of two-term and four-term f l u t t e r  results.-  Numerical r e s u l t s  for 
f l u t t e r  of clamped panels on the  verge of buckling were obtained from two-term 
Galerkin solut ions f o r  comparison with the  four-term re su l t s .  
t i ons  used i n  the two-term analysis  f o r  a given value of 
no-flow buckling loads corresponded t o  the  two lowest buckling loads.  
p r i a t e  determinants are contained i n  equation (10) .  
compared with the  four-term resul ts  i n  f igure  8, which shows the var ia t ion  of 

The expansion func- 
a/b were such t h a t  t h e  

The appro- 
The results so obtained are 

(Fr'3 h with a/b for NY = 1.0. The t rends obtained from t he  two-term 
a 

I . 5  

I . o  

. 5  

0 

X 

F I  u t t e r  
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Figure 8.- Comparison of r e s u l t s  obtained from two-term and four-term so lu t ions  f o r  f l u t t e r .  

AU edges clamped; 2 = 1.0. 
N 
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solut ions a re  i n  excel lent  agreement with the  four-term r e s u l t s .  

2 > 2.0 . t h e  numerical agreement becomes poor i n  ce r t a in  regions; t h i s  same trend 
b 
i s  indicated i n  f igu re  3 i n  terms of t he  var ia t ion  of Be with &. Better  
agreement between two-term and four-term r e s u l t s  would be expected f o r  simply 
supported panels since the  expansioil functions used i n  t h e  ana lys i s  are the  exact 
vibrat ion (o r  buckling) modes f o r  no airflow. I n  any event, it i s  apparent from 
the r e s u l t s  presented i n  f igure  8 t h a t  t h e  accuracy of ana ly t i ca l  predict ions of 
the f l u t t e r  cha rac t e r i s t i c s  of panels on the  verge of buckling i s  s t rongly depend- 
en t  on t h e  v a l i d i t y  of t h e  ana ly t ica l  predict ions of t he  panel buckling character-  
i s t i c s  f o r  no airf low.  

However, f o r  

- 

EXPERIMENT 

Tests 

Panels.- The single-bay panels consisted of f l a t  sheets  of 0.040-, 0.063-, 
0.081-, and 0.125-inch-thick 2024-T3 aluminum-alloy sheets  attached t o  0.375-inch- 
th i ck  aluminum-alloy mounting p l a t e s  by s ingle  rows of r i v e t s  along a l l  four  
s ides .  The panel length and width (between center  l i n e s  of r i v e t  rows) were 
25 inches and 6.25 inches, respect ively.  
surface of t he  mounting p l a t e s .  
clamped condition on a l l  edges. 
given i n  f igure  9 .  

The panels w e r e  f l u s h  with t h e  exposed 
The panel edge r e s t r a i n t  approximated a f u l l y  
Per t inent  details  of the  panel construction a re  

Tunnel.- All t e s t s  were conducted i n  the Langley 9- by &foot thermal s t ruc-  
t u r e s  tunnel,  a Mach 3 in te rmi t ten t  blowdown f a c i l i t y  exhausting t o  the atmos- 
phere. A heat exchanger i s  preheated t o  provide stagnation temperatures up t o  
660° F and t h e  stagnation pressure can be varied from 60 +3 200 psia .  
d e t a i l s  regarding t h e  tunnel may be found i n  reference 6. 

Additional 

Panel holder and mounting arrangement.- The panels were mounted i n  a panel 
holder which extended v e r t i c a l l y  through the  tes t  sect ion ( f i g .  10).  The panel 
holder has a half-wedge leading edge, f l a t  s ides ,  and a recess  29 inches wide, 
30 inches high, and approximately 3.5 inches aeep f o r  accommodating t e s t  speci- 
mens. The recess  i s  located on the  nonbeveled s ide of the  panel holder. Pneu- 
mat ical ly  operated s l id ing  doors pro tec t  t e s t  specimens from aerodynamic buffet ing 
and heating during tunnel  s t a r t i n g  and shutdown. 
doors are prevented from in t e r f e r ing  with t h e  a i r f low over t h e  t e s t  specimen by 
means of aerodynamic fences. 
e s s e n t i a l l y  free-stream conditions as determined from pressure surveys of a f l a t  
ca l ibra t ion  panel ( r e f .  6 ) .  
recess  f o r  the  panel i s  used t o  cont ro l  the  pressure ins ide  the  cavi ty  behind the  
t e s t  specimen. 

Shock waves emanating from the  

The flow conditions over t he  area of t h e  recess  a re  

A vent-door arrangement on the  s ide opposite t he  

A l l  panels were mounted f l u s h  with t h e  f l a t  surface of t he  panel holder (see 
f i g s .  10 and 11). 
bol ted  t o  t h e  panel holder ( f i g .  11). 
of t h e  tes t  panel (see f i g .  10) i n  order t o  cover the  recess  completely. 

The mounting p l a t e  was attached t o  a mounting f i x t u r e  which w a s  
F i l l e r  p l a t e s  were mounted on e i t h e r  s ide 
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Figure 9.- Panel construction details (typical for all panels). All dimensions are in inches. 

Instrumentation.- Iron-constantan thermocouples, spotwelded t o  t h e  panels a t  
t h e  7 loca t ions  shown i n  f igu re  12, were used t o  measure panel temperatures. 
Variable-reluctance deflectometers were used t o  determine the  motion of the panel 
skin. 
skin a t  the  four  pos i t ions  indicated i n  f igu re  12. I n  addi t ion,  high-speed 
16-III~ motion p i c tu re s  provided supplementary data on panel behavior. 
were painted on t h e  panel skins  for photographic purposes. 

The deflectometers were located approximately 1/4 inch behind the  panel 

G r i d  l i n e s  

Quick-response, strain-gage-type pressure t ransducers  were used t o  measure 
s t a t i c  pressures  a t  var ious loca t ions  on t h e  panel holder and t o  measure t h e  d i f -  
f e r e n t i a l  pressure ac t ing  on the  panels.  Tunnel stagnation pressures  were 
obtained from s t a t i c  pressures  measured i n  t h e  s e t t l i n g  chamber. Stagnation 
temperatures were measured by total-temperature probes located i n  t h e  t e s t  sec- 
t i on .  
tape.  
recorded on high-speed oscil lographs.  

For each t e s t ,  a l l  temperature and pressure data were recorded on magnetic 
Deflectometer data  and the  d i f f e r e n t i a l  pressures ac t ing  on t h e  panels w e r e  

Test  rocedure.- The tes ts  were conducted at a Mach number of 3.0, a t  dynamic 
press-0 t o  3,000 lb / sq  f t ,  and a t  stagnation temperatures from 300' 
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(a) protec t ive  doors closed. ~ 6 0 - 5 7 9 2  

(b) Protec t ive  doors open. ~ 6 2 - 6 0 3  

Figure 10.- Panel holder  i n  t e s t  sec t ion  as viewed from upstream. 
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Figure 11.- Panel mounting arrangement (typical for all panels) 
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0 Iroq-constantan thermocouple 

0 Variable-reluctance deflectometer 

Figure 12.- Location of panel instrumentation (all dimensions are in inches). 

t o  650° F. 
t es t  conditions were established. The dynamic pressure w a s  held constant during 
t h e  first f e w  seconds of a l l  tests,  bu t  w a s  var ied during t h e  remainder of some 
tes ts  i n  an 3ttempt t o  obtain addi t iona l  f l u t t e r  points .  The occurrence of f l u t -  
ter  was determined by monitoring the high-speed osci l lographs during a tes t .  

The pro tec t ive  doors on t h e  panel holder were opened after desired 

The usual  procedure f o r  varying t h e  dynamic pressure was as follows: ( a )  If 
f l u t t e r  had s t a r t e d  and stopped, the dynamic pressure w a s  increased i n  an attempt 
t o  restart f l u t t e r ;  (b)  i f  t h e  panel w a s  f l u t t e r i n g  near t he  end of a tes t ,  t he  
dynamic pressure w a s  decreased i n  an attempt t o  s top f l u t t e r .  The d i f f e r e n t i a l  
pressure ac t ing  on t h e  panels w a s  control led manually i n  an attempt t o  keep the  
d i f f e r e n t i a l  pressure as s m a l l  as possible;  i n  some tests malfunction of t h e  moni- 
t o r ing  instrumentation prevented accurate control  of Ap. The stagnation tempera- 
t u r e  w a s  e s s e n t i a l l y  constant during most tests but  decreased during t h e  l a t te r  
port ion of several  tests. The pro tec t ive  doors were closed 3 seconds p r i o r  t o  
tunnel  shutdown. The durat ion of t es t  conditions var ied between 10 and 60 seconds. 

Results and Discussion 

I n  seven of the eight tes ts  made i n  t h i s  invest igat ion,  f l u t t e r  w a s  induced 
i n  panels t h a t  were f l a t  p r i o r  t o  t h e  start of f l u t t e r .  The f l u t t e r  stopped i n  



t h ree  of these tests;  at t h e  cessat ion of f l u t t e r  t he  panels were i n  a buckled 
condition. I n  one t e s t ,  a f t e r  f l u t t e r  had stopped it w a s  r e s t a r t ed  by increasing 
t h e  dynamic pressure.  No f l u t t e r  occurred i n  one t e s t .  Per t inent  da ta  f o r  a l l  
tes ts  are given i n  t a b l e  I. 
t u r e  Tt,  dynamic pressure q, panel d i f f e r e n t i a l  pressure Ap, average center- 
l i n e  temperature T of t h e  panel skin, average skin-temperature increase AT, 
and frequency f at the  start  of f l u t t e r .  

The da ta  tabulated are the  stagnation tempera- 

~ 

AP , 
p s i  

TABLE I.- PANEL FLUTTER DATA 
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"1,860 

300 3,470 
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-0.19 
-933 
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T, 
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73 
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77 
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- 

- 

t he  

7 
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17 
48 
48 
39 
77 
160 

f , 
CPS 

170 
110 
300 
300 
290 
350 
260 
440 

F l u t t e r  s top 4;;oiz7 1,855 -0.16 

4,940 -.05 1 
start of f l u t t e r .  

No f l u t t e r  

c, 200 ~ 

were Panel temperatures.- During t h e  f i rs t  3 seconds of every t e s t  t h e  panels 
protected from aerodynamic heat ing by the  pro tec t ive  doors, and any temperature 
increase of t h e  panel skin during this  time w a s  usua l ly  in s ign i f i can t .  After the  
panels were exposed t o  t h e  airs t ream, t h e  skin temperature increased i n  a manner 
similar t o  the  t y p i c a l  temperature h i s t o r i e s  shown i n  figure 13 ( tes t  7). 
curve represents  t he  average skin temperature f o r  thermocouples 2 t o  6. 
curve represents  t he  average of thermocouples 1 and 7 (which were nearest  t h e  
leading edge and t r a i l i n g  edge, respec t ive ly) .  
ges t s  t h a t  there  w a s  some conduction along the  longi tudina l  center  l i n e  of t h e  
panel near t h e  leading and t r a i l i n g  edges; s imilar  conduction e f f e c t s  could be 
expected near t h e  longi tudina l  edges. However, these temperature va r i a t ions  w e r e  
neglected i n  analyzing t h e  tes t  data ,  and t h e  average increase i n  temperature f o r  
thermocouples 1 t o  7 w a s  considered t o  be the  average temperature increase 
of t h e  panel. 

The top  
The lower 

The difference i n  the  curves sug- 

AT 

F l u t t e r  parameters.- The f l u t t e r  da ta  obtained i n  t h i s  inves t iga t ion  are sum- 
marized i n  terms of a dimensionless f l u t t e r  parameter and a dimensionless modified 
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temperature parameter. O f  the  quan t i t i e s  i n  t he  f l u t t e r  parameter 

only the  dynamic pressure q and skin thickness  h were var ied i n  t h i s  i nves t i -  
gation. Because of the  short  duration of t he  t e s t s  and the  r e l a t i v e l y  low panel 
temperatures, changes i n  mater ia l  p roper t ies  with temperature were assumed t o  be 
negl igible .  

40C 

30C 

L 0 F  200  

IO0 

0 

- A v e r a g e  o f  t h e r m o c o u p l e s  2 t h r o u g h  6 7  

A v e r a g e  o f  t h e r m o c o u p  Y 

P r o t e c t  i ve d o o r s  o p e n  4 
I I I 

8 16 24 32 
I 

t, s e c  

I e s  l a n d  7 

Figure 15.- Measured skin temperatures of panel for test 7. 
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The e f f e c t s  of midplane s t r e s s  and buckling a re  indicated,  i n  terms of the 
skin-temperature r i s e  AT and t h e  d i f f e r e n t i a l  pressure Ap, by the  modified 
temperature parameter $: 

- 213 

l2(l + *m($ - cb(;4j } c (13) 

N. - 
q,  which w a s  f i r s t  used i n  reference 21, the  pos i t ive  

q = k  
2 

I n  the  expression fo r  

2. signs apply when a panel i s  f l a t  as q i s  then a measure of t he  r a t i o  - 
x2D / a2 

and may be pos i t ive  (compression) o r  negative ( tension)  depending on the  r e l a t i v e  
magnitudes of t h e  temperature and d i f f e r e n t i a l  pressure terms. 
panel i s  buckled, the  negative s igns apply as $ i s  then a measure of buckle 
depth and both AT and Ap tend t o  increase the depth of buckle. (For t h i s  con- 
d i t i o n  the  panel i s  subjected t o  compressive s t r e s s  and t h e  negative sign i n  f ron t  
of the t e r m  12(1 + p.)/n2 insures  tha t  $ w i l l  be pos i t ive . )  The constant C 
w a s  obtained from the experimental data by the  same procedure as i n  reference 21; 
t he  value so obtained w a s  0.25. 

However, when a 

1 F l u t t e r  r e su l t s . -  Results from a l l  tes ts  are presented i n  f igure  14 i n  terms 

of t h e  f l u t t e r  parameter (L)1/’ 2 and t h e  modified temperature parameter $. 
BE h 

The open symbols represent ’ f l L t t e r -  start  po in ts  f o r  panels t h a t  were f l a t  p r i o r  
t o  the start of f l u t t e r ,  and the so l id  symbols represent f l u t t e r - s t o p  poin ts  
(panel buckled). The open symbol with t i c k  mark i s  a f l u t t e r - s t a r t  point f o r  a 
panel t h a t  w a s  buckled p r i o r  t o  t h e  start of f l u t t e r .  The ha l f - so l id  symbol 
represents  a no- f lu t te r  point .  The so l id  curve i s  a boundary f a i r e d  through the 
experimental f l u t t e r  points .  

A s  can be seen from f igure  14, t he  f l u t t e r  boundary cons is t s  of a f la t -pane l  
portion, a buckled-panel port ion,  and a t r a n s i t i o n  point a t  the  in t e r sec t ion  of 
t h e  two boundaries. This general  t rend i s  similar t o  previous experimental and 
theo re t i ca l  r e s u l t s  (see,  f o r  example, re fs .  6 t o  8 and r e f .  10) .  The value of ($r’3 of 1.90 at the  t r a n s i t i o n  point i s  f a i r l y  wel l  defined by the  f l u t t e r  

and no- f lu t te r  po in ts  t h a t  c lose ly  bracket t h i s  value. The y d u e  of ($13 ; 
of 4.50 f o r  zero stress ($ = 0) may be subject t o  some question s ince the  e f f e c t s  
of Ap, which were included by use of an empirical  expression based on only a few 
f l u t t e r  points ,  could possibly a l t e r  t h i s  value. However, experimental data 

presented i n  reference 8 indicated that  a value of (A)lh 
f o r  f l u t t e r  of unstressed e s s e n t i a l l y  clamped panels with a length-width r a t i o  
of 4. The r e s u l t s  shown 
i n  f igure  14 ind ica te  t h a t  t he  thickness required t o  prevent f l u t t e r  a t  t h e  t ran-  
s i t i o n  point  i s  more than twice the  thickness required t o  prevent f l u t t e r  f o r  
q = 0.  

of 4.35 i s  required 
PE h 

Thus t h e  value of 4.50 i n  f igure  1 4  appears reasonable. 
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Figure 14.-  Ef fec ts  of thermal s t r e s s  and buckling on f l u t t e r  of clamped panels with 
length-width r a t i o  of 4. 

High-speed motion pictures revealed that all observed flutter appeared to be 
of the sinusoidal traveling-wave type. The flutter mode appeared to have three 
half-waves in the direction of airflow and was similar to the buckling mode; the 
similarity of flutter and buckling modes has been observed previously (see, for 
example, ref. 6). 
in the longitudinal direction (direction of airflow). 
results of this investigation tend to verify the conjecture made earlier that a 
reasonable estimate of the number of half-waves in the flutter mode of a stressed 
panel could be obtained by determining the panel's buckling mode. 

The calculated no-flow buckling mode also had three half-waves 
Thus the experimental 

COMPARISON OF THEORY AND EXPERIMENT 

The flutter envelopes presented in references 3 and 4 are reproduced in fig- 
ure 15 in terms of the flutter parameter (:)'I3 : and a/b. The original 

envelope (ref. 3) represents an empirical flutter boundary faired through maximum 
values of the flutter parameter for all experimental panel flutter data available 
at that time. The flutter envelope presented in reference 4 is a revision of the 
original envelope based on experimental data obtained since publication of refer- 
ence 3. As can be seen from figure 17, the flutter envelopes indicate that 

h - decreases as a/b increases. Also shown in figure 15 is the variation a 
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Figure 15.- Comparison between theory and experiment f o r  f l u t t e r  o f  panels on t h e  verge of 

buckling. A l l  edges clamped. 3 = 1.0. ' Nx 
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of with “/b f o r  and a l l  edges clamped, as obtained from 

the  four-term ana lys is  presented herein.  
po in ts  obtained f o r  e s s e n t i a l l y  clamped panels with 
(present  inves t iga t ion)  a re  indicated i n  f igu re  15 by t h e  symbols; t h e  s t r e s s  
r a t i o  Ny/Nx f o r  these panels w a s  approximately 1.0. 

Experimentally determined t r a n s i t i o n  
a/b of 0.96 ( r e f .  21) and 4 

The experimental point f o r  5 = 0.96 
b 

fa l l s  within the  f l u t t e r  region as 

indicated by theory and both f l u t t e r  envelopes. Thus, f o r  t h i s  case both theory 
and t h e  f l u t t e r  envelopes are adequate as design c r i t e r i a  f o r  preventing f l u t t e r .  

However, the experimental point  f o r  a - 4 fa l l s  within t h e  f l u t t e r  region ind i -  

cated by theory but w e l l  within t h e  no- f lu t te r  region as defined by both f l u t t e r  
envelopes. Thus, f o r  t h i s  case both experimental f l u t t e r  envelopes were inade- 
quate as design c r i t e r i a .  Indeed, t h e  theo re t i ca l  r e s u l t s  presented herein sug- 
gest  that t h e  f l u t t e r  envelope could be inadequate f o r  pred ic t ing  f l u t t e r  of 
s t ressed  panels over a wide range of a/b 
and stress r a t i o ,  pa r t i cu la r ly  i f  buckling could occur. However, the f l u t t e r  
envelopes might be useful  f o r  pred ic t ing  f l u t t e r  of unstressed panels. 

6 -  

f o r  many combinations of edge r e s t r a i n t  

For a 
b 
- = 0.96 the t h e o r e t i c a l  value of of 0.455 i s  27 percent 

g rea t e r  than the experimental value (0.357). For 8 = 4.0 the numerical agree- 

ment i s  poor. However, several  f a c t o r s  could a f f e c t  the  agreement a t  t h i s  point .  
A s  can be seen from f igu res  5 and 6, s l i g h t  changes i n  a/b or  Ny/Nx (both of 
which are not known exact ly)  could cause considerable change i n  the  value of the 

f l u t t e r  parameter (?TI3 k. I n  addi t ion,  the d i f f e r e n t i a l  pressure loading, 

which w a s  present  i n  the experiments,  w a s  neglected i n  the ana lys i s .  Moreover, 
the experimental da ta  point  f o r  of 4 i s  i n  the  v i c i n i t y  of a port ion of t h e  
t h e o r e t i c a l  f l u t t e r  boundary where nonlinear e f f ec t s ,  which were neglected i n  the  
analysis ,  could be s igni f icant .  I n  any event, t h e  r e s u l t s  shown i n  figure 15 
indica te  that small-deflection t r a n s t a b i l i t y  analyses appear t o  give conservative 
results. 

b 

a b  

CONCLUSIONS 

The f l u t t e r  cha rac t e r i s t i c s  of f i n i t e  panels  on t h e  verge of buckling have 
been examined both t h e o r e t i c a l l y  and experimentally. The governing d i f f e r e n t i a l  
equation f o r  small def lec t ions  was solved by t h e  Galerkin method. T rans t ab i l i t y  
f l u t t e r  boundaries were obtained from four-term solut ions f o r  both simply sup- 
ported and clamped panels with various length-width r a t i o s  and various r a t i o s  of 
lateral  t o  longi tudinal  midplane compressive s t r e s s .  I n  addition, e s s e n t i a l l y  
clamped aluminum-alloy panels with a length-width r a t i o  of 4 were t e s t e d  i n  t h e  
Langley 9- by 6-foot thermal s t ruc tures  tunnel i n  order t o  obtain experimental 



d a t a  on the  e f f e c t s  of thermally induced midplane compressive s t r e s s  and buckling 
on panel f l u t t e r .  The tes ts  were conducted at a Mach number of 3.0 a t  dynamic 
pressures ranging from 1,600 t o  5,000 lb/sq f t  and a t  stagnation temperatures 
from 300' t o  650° F. 
following: 

The theo re t i ca l  and experimental r e su l t s  revealed the  

1. The t h e o r e t i c a l  ( t r a n s t a b i l i t y )  f l u t t e r  cha rac t e r i s t i c s  of panels a re  very 
sens i t ive  t o  t h e  buckling cha rac t e r i s t i c s  of t he  panels.  

2. For given panel boundary conditions,  there  a r e  many c r i t i c a l  combinations 
of length-width r a t i o  and r a t i o  of l a t e r a l  t o  longi tudinal  midplane compressive 
s t r e s s  f o r  which theory ind ica tes  t h a t  the  thickness required t o  prevent f l u t t e r  
becomes very l a rge .  These c r i t i c a l  combinations r e s u l t  when the  panel has an 
equal choice of  two modes f o r  buckling with no airf low.  

3. The panel buckling cha rac t e r i s t i c s  apparently d i c t a t e  t he  f l u t t e r  mode a t  
the  t r a n s i t i o n  point .  

4. The assumption of simply supported edges i s  not necessar i ly  a conservative 
assumption fo r  f l u t t e r  a n a l y s e s  i f  buckling can occur. 

5.  The test  da t a  revealed an ove ra l l  f l u t t e r  boundary t h a t  consisted of a 
f l a t -pane l  port ion,  a buckled-panel port ion,  and a t r a n s i t i o n  point a t  t he  in t e r -  
sect ion of the  two. A t  t he  t r a n s i t i o n  point  t he  thickness required t o  prevent 
f l u t t e r  was more than twice the  thickness  required t o  prevent f l u t t e r  of  an 
unheated (unstressed)  panel. 

6. The experimental r e s u l t s  f o r  f l u t t e r  of panels on t h e  verge of buckling 

Both theory and experiment indicated t h a t  ex is t ing  empirical  panel f l u t t e r  
were within t h e  envelope provided by the  small-deflection t r a n s t a b i l i t y  calcula-  
t i o n s .  
envelopes may be inadequate as f l u t t e r  c r i t e r i a  f o r  s t ressed  panels.  

Langley Re search Center, 
National Aeronautics and Space Administration, 

Langley S ta t ion ,  Hampton, V a . ,  June 17, 1963. 
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